ABSTRACT: A form of Burmann's Theorem is used to obtain an expansion of the radiation intensity at the surface of a star as an expansion explicitly dependent on the black body function, absorption coefficient, density, and the first few derivatives of these functions with respect to depth. Conditions for the convergence of the series are established. The expansion is modified for the case of organized outward motion of the surface layer and the effect of this motion on an absorption line is examined. Conditions for the shift of the line "center" to lower or higher frequencies due to the effects of the organized motion and the decay of temperature in the surface layer are also examined.
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Introduction
In the outer layers of a star the marked decrease in the density and temperature leads to the formation of absorption lines. The actual shape of the absorption lines we observe is complicated considerably by such effects in the outer layers as pressure broadening, Doppler broadening, the presence of a temperature gradient, and organized motion. Although these effects can be taken into account through a suitable choice of the absorption coefficient and source function, the resulting integral expression for the radiation intensity is often difficult to treat analytically. In PART I of this paper we obtain a more convenient form of the radiation intensity by use of a lemma employing the property of marked decrease in the density which occurs in the outer layers. We also establish general conditions for the convergence of the resulting expansion. In PART II we treat a specific model which allows us to re-establish our conditions of convergence in terms of the commonly used scale-heights of density, temperature, and pressure.
In PART III we modify our original expression to take into account the presence of organized outward motion. The shift and shape of the line is examined in detail and an expression for the shift of the "center" of the line is derived. In PART IV the method employed to expand the radiation intensity is used to obtain a similar expansion for the radiation flux.
The lemma which is used several times in this approach is derived in the Appendix.
PART I:
Expansion of the Radiative Intensity
Consider a stellar atmosphere under the following assumptions:
(1) The surface or outer layer of the star begins at x -0 and extends to x -0. The density in this surface layer exhibits exponential decay as its dominant behavior, i.e.:
e OX = 1 (X) e-YA e (1) where is essentially the scale height of the density and
(2) The interior of wae star is an approximate black-body; therefore the radiation emerging from the interior and incident on the outer layer at x -0 is given by the Planck (black-body) function:
where the temperature T o T(X=O).
(3)
The outer layer of the star is considered to be in approximate local thermodynamic equilibrium; however, the decrease in both temperature and density in this region of the star leads to the presence of absorption lines in the spectrum of the star.
Under these assumptions we may write the radiation intensity emerging from the star (plane-parallel atmosphere approximation) as:l29
where o is the optical depth of the surface layer and K(x) is the mass-absorption coefficient. The first term of (3) is the contribution to the luminosity from the interior.
normal. Both K and B are functions of the frequency (V).
Because of the assumed exponential decay of the density, we may employ the relation (All) derived in the Appendix to expand (4) and obtain:
where for any function of x, i.e. A(x), we define
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The function A (x) has units of length and may be thought of as a 'quasi'-scale height.
We may also apply (All) to (3) and the right hand side of (8) is evaluated at x 0 0. We notes k2. = ;k 1 (10)
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If T(x) is a decreasing function of x as is expected in the photosphere and lower chromosphere, we note that:
Combining the expansions of I+ and 'r we obtain, in lowest order:
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The second order terms will be small if condition (11) holds and the following conditions are met: We further assume T() T.
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where T9 AV X are the associated scale heights for these quantities.
While the assumption of a pure exponential behavior for the above quantities may only approximate a physically realizable situation, it does, however, allow us to obtain simplified conditions for establishing the validity of our approach in terms of the scale heights. We list a number of relations which will be of use:
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Incorporating all these results, we obtain, after some algebra,
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where for and for
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In order to satisfy (13), we wish XeH(p) to be small when H(V) is negative. A sufficient condition for this is that is>T) 2 is small compared to one. We see that as either P increases from zero or increases from zero this condition is relaxed. We therefore require the following inequalities to be satisfied:
(28)
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We now note
X4~ 1 (30)
and CI
=0
(31)
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We se that condition (28) is sufficient to make the quantities (32) to (34) small. We also note that (15) is identically zero for a pme exponential decay of the density. We now require the following quantity is to be small compared to one:
It remains only to point out that:
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The first two terms are small because of (29) and (36); using this fact, we may write the last term as:
Kt', + Re+.) 2-From (24), (25), and (26), we see this quantity is also small under conditions (29) and (36). Furthermore, it is also small when I/ is either very small or very large compared to unity.
We may now sumcarize that sufficient, but not necessary, conditions for the expansion to converge for all 0 are:
A .<<(38)
The first condition tends to restrict the result to the forward direction of the radiation (P -1); otherwise it is only a statement that the outer layer of the star is optically thin to the black-body radiation from the interior. The second statement requires the density to decrease faster than the temperature in the outer layer, which is to be expected for most stellar We may Rlso define a deviation, r , from the black-body distribution:
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Assuming AL4< 1, we note that in equation (8) 
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We may then rewrite our first order expression for 1+ (12) as .
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The Doppler modification of the first order terms for I + (-equation for L -1 ( 
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We may also expand A1 and ; 2 under the same conditions to obtain -~
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Using (23) and (18), we note that forp(diwe have approximtely: Taking the derivative of (55) with respect to V , we obtain the critical points in the line at the zeroes of this derivative: For P large we find that ;k 2 -0, which means that the second term on the right hand side of (52) will be an order of magnitude larger than the third term. Therefore we expect the Doppler effect to be much smaller for large P.
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We note that K'1 (20) is proportional to and its derivative proportional to ; therefore, we expect that a similar analysis, using the pressure broadening coefficient of absorption, leads to a third degree equation for 
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APPENDIXz A Special Form of Burmann's Theorem 6 We wish to derive a form of Burmann's theorem which is useful in problems of the type considered in this paper.
Given an integral function of x:
where g(x') is a monotone function from the point x to the point x > x 9 the following relation may be derived: Note the identity as x --x o . We take the derivative of both sides of (A5) with respect to x; using (A2) we obtain 
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The relations (A6) or (A) provide a straightforward procedure for successively determining the ai's . The only other stipulation necessary is that a i <.e as x -> x 0 which in turn depends on the choice of Q(x).
If g(x) is exactly integrable a suitable choice of Q(x) is equivalent
to doing the integration, as the series will terminate after the required terms are obtained. A detailed discussion of the convergence properties of this type of series may be found in reference (6) .
As an example, consider the exponential integrals:
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we obtain -- The first three terms of these series expresses %n(x) to an accuracy of two places or better over the whole range of x from zero to infinity.
For our purposes we are interested in integrals of the type: In this case we chose Q(x) -g(x). We see that if g(x) uniquely equalled a decreasing exponential the expansion would terminate after the first term.
Physically we may think of A as a scale height. Even though g(x) may be a very complex function, if the dominant behavior was that of an exponential we expect the series to converge rather rapidly.
